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In this paper we proof that there exists a function f(x) belongs to L1[0, 1]
such that a greedy algorithm with regard to generalized Walsh system does
not converge to f(x) in L1[0, 1] norm, i.e. the generalized Walsh system is
not a quasi-greedy basis in its linear span L1[0, 1].
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1 Introduction
In this paper we consider a question of convergence of greedy algorithm with
regard to generalized Walsh system in L1[0, 1] norm.
Let X be a Banach space with a norm || · || = || · ||X and a basis Φ =
{φk}
∞
k=1, ||φk||X = 1, k = 1, 2, .. .
Denote by Σm the collection of all functions in X which can be expressed
as a linear combination of at most m- functions of Φ. Thus each function
g ∈ Σm can be written in the form
g =
∑
s∈Λ
asφs, #Λ ≤ m.
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For a function f ∈ X we define its approximate error by
σm(f, φ) = inf
g∈Σm
||f − g||X , m = 1, 2, ...
and we consider the expansion
f =
∞∑
k=1
ak(f)φk .
Definition 1. Let an element f ∈ X be given. Then the m-th greedy
approximant of the function f with regard to the basis Φ is given by
Gm(f, φ) =
∑
k∈Λ
ak(f)φk, (1)
where Λ ⊂ {1, 2, ...} is a set of cardinality m such that
|an(f)| ≥ |ak(f)|, n ∈ Λ, k /∈ Λ, (2)
We’ll say that the greedy approximant of f(t) ∈ Lp[0,1], p ≥ 0 converges
with regard to the basis Φ , if the sequence Gm(x, f) converges to f(t) in L
p
norm. This new and very important direction invaded many mathematician’s
attention (see [1]-[10]).
Definition 2. We call a basis Φ greedy basis if for every f ∈ X there
exists a subset Λ ⊂ {1, 2, ...} of cardinality m, such that
||f −Gm(f,Φ)||X ≤ C · σm(f,Φ)
where a constant C = C(X,Φ) independent of f and m.
In [4] it is proved that each basis Φ which is Lp -equivalent to the Haar
basis H is Greedy basis for Lp(0, 1), 1 < p <∞ .
Definition 3. We say that a basis Φ is Quasi-Greedy basis if there exists
a constant C such that for every f ∈ X and any finite set of indices Λ, having
the property
min
k∈Λ
|ak(f)| ≥ max
n/∈Λ
|ak(f)|
we have
||SΛ(f,Φ)||X =
∣∣∣∣∣∣
∣∣∣∣∣∣
∑
k∈Λ
ak(f)φk
∣∣∣∣∣∣
∣∣∣∣∣∣
X
≤ C · ||f ||X.
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In [5] it is proved that a basis Ψ is quasi-greedy if and only if the sequence
{Gm(f)} converges to f , for all f ∈ X . Not that the trigonometric and Walsh
system are not a quasi-greedy basis for Lp if 1 < p <∞ (see [7] and [8] ).
2 Definition and properties of generalizedWalsh
system
Let a denote a fixed integer, a ≥ 2 and put ωa = e
2pii
a .
Now we will give the definitions of Rademacher and generalized Walsh
systems (see [12] ).
Definition 4. The Rademacher system of order a is defined by
ϕ0(x) = ω
k
a if x ∈
[
k
a
,
k + 1
a
)
, k = 0, 1, ..., a− 1,
and for n ≥ 0
ϕn(x+ 1) = ϕn(x) = ϕ0(a
nx). (3)
Definition 5. The generalized Walsh system of order a is defined by
ψ0(x) = 1,
and if n = αn1a
n1 + ... + αnsa
ns where n1 > ... > ns, then
ψn(x) = ϕ
αn1
n1 (x) · ... · ϕ
αns
ns (x). (4)
Let Ψa = {ψn(x)}
∞
n=0 denote the generalized Walsh system of order a. Not
that Ψ2 is the classical Walsh system.
Remark. The generalized Walsh system Ψa, a ≥ 2 is a complete or-
thonormal system in L2[0, 1) (see [12]).
The basic properties of the generalized Walsh system of order a are ob-
tained by R. Paley , H.E.Chrestenson, J. Fine, N. Vilenkin and others (see
[11]- [16]).
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Define
In,k = In,k(a) =
[
k
an
,
k + 1
an
)
, k = 0, ..., an − 1, n = 1, 2, ....
If ϕn(x) is the nth Rademacher function of order a, then from Definition 4
it follows
ϕn(x) = ω
k
a = e
2pii·k
a , x ∈ In+1,k. (5)
Note some properties of generalized Walsh system:
Property 1. From definition 5 we have
ψak+j(x) = ϕk(x) · ψj(x), if 0 ≤ j ≤ a
k − 1. (6)
Denote by
Dn(t) =
n−1∑
k=0
ψk(t), (7)
the Dirichlet kernel by generalized Walsh system.
Property 2. The Dirichlet kernel has the following properties (see [12] )
Dan(t) =


an, x ∈ In,0 = [0,
1
an
);
0, x ∈ [ 1
an
, 1).
(8)
Property 3. If n = ak +m, 0 ≤ m < k and consequently by (6) - (8) we
have
Dn(t) = Dak(t) + ϕk(t) ·Dm(t), t ∈ [0, 1). (9)
Property 4. For any natural number m and any t ∈ (0, 1) the following is
true
|Dm(t)| ≤ m. (10)
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3 A Basic Lemma
Denote by
Lk =
∫ 1
0
|Dk(t)|dt
the kth Lebesgue constant of the generalized Walsh system {Ψa}.
In [12] it is proved that the Lebesgue constant satisfy Lk = O(loga k)
where O depends upon a. Next Lemma shows that there exists a sequence of
natural numbers {nk} so that the sequence Lnk has the same order of growth
as loga nk. Namely the following is true:
Lemma . There exists a sequence of natural numbers {nk}
∞
k=1 of the
form
n2s =
s∑
i=0
a2i : n2s+1 =
s∑
i=0
a2i+1, s = 0, 1, 2, ..., (11)
such that
ak ≤ nk < a
k+1,
Lnk =
∫ 1
0
|Dnk(t)|dt >
1
a
·
(
k
2
+ 1
)
>
1
2a
· loga nk, k ≥ 1. (12)
Proof. Note that
n2s =
a2s+2 − 1
a2 − 1
<
a2
a2 − 1
· a2s,
n2s+1 =
a2s+3 − a
a2 − 1
= a ·
a2s+2 − 1
a2 − 1
<
a2
a2 − 1
· a2s+1
i.e.
nk <
a2
a2 − 1
· ak < ak+1, k = 0, 1, 2, ... (13)
From this and (10) we have
|Dnk(t)| <
a2
a2 − 1
· ak, t ∈ [0, 1), k = 0, 1, 2, ... (14)
First we’ll prove that
∫ 1
1
ak+2
|Dnk(t)|dt >
1
a
·
(
k
2
+ 1
)
(15)
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Let k = 2s, then we have to prove
∫ 1
1
a2s+2
|Dn2s(t)|dt >
1
a
· (s+ 1) , s = 0, 1, 2, ... (16)
By Definition 5 and (7) for s = 0 we have
∫ 1
1
a2
|D1(t)|dt =
∫ 1
1
a2
|ψ0(t)|dt = 1−
1
a2
>
1
a
.
Now assume that for some s− 1 the inequality (16) holds, i.e.
∫ 1
1
a2s
|Dn2(s−1)(t)|dt >
1
a
· s. (17)
By (8) and (14) we get
Da2s(t) = a
2s, if t ∈ I2s,0. (18)
|Dn2(s−1)(t)| <
a2
a2 − 1
· a2(s−1) =
a2s
a2 − 1
. (19)
From (11) it follows that
n2s = a
2s + n2(s−1) (20)
and consequently by (9), (17) and (18) for t ∈ I2s,0 we have
|Dn2s(t)| = |Da2s(t) + ϕ2s(t) ·Dn2(s−1)(t)| ≥
|Da2s(t)| − |Dn2(s−1)(t)| >
a2 − 2
a2 − 1
· a2s.
Hence, taking into account that
(
1
a2s+2
, 1
a2s
)
⊂ I2s,0 =
[
0, 1
a2s
)
, we obtain
∫ 1
a2s
1
a2s+2
|Dn2s(t)|dt >
a2 − 2
a2 − 1
· a2s ·
(
1
a2s
−
1
a2s+2
)
=
a2 − 2
a2 − 1
·
a2 − 1
a2s+2
=
a2 − 2
a2
≥
1
a
. (21)
From (8), (9), (17) and (20) follows
∫ 1
1
a2s
|Dn2s(t)|dt >
∫ 1
1
a2s
|Dn2(s−1)(t)|dt >
1
a
· s.
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Hence and from (21) we conclude
∫ 1
1
a2s+2
|Dn2s(t)|dt =
∫ 1
a2s
1
a2s+2
|Dn2s(t)|dt+
∫ 1
1
a2s
|Dn2s(t)|dt >
1
a
+
1
a
· s >
1
a
· (s+ 1) , s = 0, 1, 2, ... (22)
In a case k = 2s+ 1 (s = 0, 1, ...) we have to prove
∫ 1
1
a2s+3
|Dn2s+1(t)|dt >
1
a
·
(
s+
1
2
+ 1
)
.
For s = 0 this inequality holds because in this case n2s+1 = n1 = a and
∫ 1
1
a3
|Da(t)|dt =
∫ 1
a
1
a3
adt = a ·
(
1
a
−
1
a3
)
=
1
a
·
(
a−
1
a
)
≥
1
a
·
3
2
.
The next reasonings are similar to a case when k = 2s.
Since ak ≤ nk < a
k+1 then loga nk < k + 1 and consequently
Lnk =
∫ 1
0
|Dnk(t)|dt >
∫ 1
1
ak+2
|Dnk(t)|dt >
1
a
·
(
k
2
+ 1
)
>
1
2a
·
(
k
2
+ 1
)
>
1
2a
· loga nk.
Completing the proof.
7
4 The Main Theorem and It’s Proof.
In [10] we proved the following theorem:
Theorem 1. Let a sequence {Mn}
∞
n=1 be given so that
lim
k→∞
(M2k −M2k−1) = +∞.
Then the Walsh subsystem
{Wnk(x)}
∞
k=1 = {Wm(x) : M2s−1 ≤ m ≤ M2s, s = 1, 2, ...} (1)
is not a quasi-greedy basis in its linear span in L1[0, 1].
Let Ψa = {ψn(x)}
∞
n=0 denote the generalized Walsh system of order a.
From Corollary 2.3 (see [8]) it follows that generalized Walsh system is
not a quasi-greedy basis for Lp[0, 1] if 1 < p <∞.
In this paper we prove the following theorem.
Theorem 2. There exists a function f(x) belongs to L1[0, 1) such that
the approximate Gn(f,Ψa) with regard to the generalized Walsh system does
not converge to f(x) by L1[0, 1) norm, i.e. the generalized Walsh system is
not a quasi-greedy basis in its linear span in L1.
Proof. Let a ≥ 2 denote a fixed integer. For any natural k we set
fk(x) =
ak
2
−1∑
i=a(k−1)
2
(
1
k2
+ 2−i
)
· ψi(x). (23)
It is easy to see that the Fourier coefficients by generalized Walsh system of
the function fk(x) are defined as follows
C
(k)
i =
1
k2
+ 2−i if a(k−1)
2
≤ i < ak
2
. (24)
Now we consider the following function
f(x) =
∞∑
i=1
Ciψi(x) =
∞∑
k=1
fk(x) =
8
=
∞∑
k=1

 a
k
2
−1∑
i=a(k−1)
2
(
1
k2
+ 2−i
)
· ψi(x)

 , (25)
where
Ci = C
(k)
i if a
(k−1)2 ≤ i < ak
2
. (26)
Now we will show that f(x) ∈ L1[0, 1]. For this we represent the function
f(x) in the following way:
f(x) = g(x) + h(x), (27)
where
g(x) =
∞∑
k=1
1
k2

 a
k
2
−1∑
i=a(k−1)
2
ψi(x)

 = ∞∑
k=1
1
k2
[
Dak2 (x)−Da(k−1)2 (x)
]
,
h(x) =
∞∑
k=1

 a
k
2
−1∑
i=a(k−1)2
2−i · ψi(x)

 = ∞∑
j=1
2−j · ψj(x).
For the function g(x) and from (8) and definition 5 we have
∫ 1
0
|g(x)|dx ≤ 2 ·
∞∑
k=1
1
k2
<∞
which means g(x) ∈ L1[0, 1].
Analogously ∫ 1
0
|h(x)|dx ≤
∞∑
j=1
1
2j
<∞
i.e. h(x) ∈ L1[0, 1]. Hence and from (27) it follows that f(x) ∈ L1[0, 1].
For any natural k we choose numbers i, j so that
a(k−1)
2
≤ i < ak
2
≤ j < a(k+1)
2
.
Then
1
(k + 1)2
+ 2−j <
1
k2
+ 2−i,
and from (24) we have C
(k+1)
j (f) < C
(k)
i (f).
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Analogously for any number i, a(k−1)
2
≤ i < ak
2
, we have
1
k2
+ 2−(i+1) <
1
k2
+ 2−i,
i.e. C
(k)
i+1(f) < C
(k)
i (f).
Thus for any natural numbers i we get
Ci+1(f) < Ci(f).
On the other hand if i → ∞ then k → ∞ (see (24)). Then from (24) and
(26) we get Ci(f)ց 0.
For any numbers mk so that
a(k−1)
2
+mk < a
k2, (28)
by (24) - (26) and Definition 1 we have
Ga(k−1)2+mk(f,Ψa)−Gak2 (f,Ψa) =
a(k−1)
2
+mk−1∑
i=a(k−1)
2
C
(k)
i · ψi(x) =
1
k2
a(k−1)
2
+mk−1∑
i=a(k−1)
2
ψi(x)+
a(k−1)
2
+mk−1∑
i=a(k−1)
2
1
2i
· ψi(x) = J1 + J2. (29)
Taking into account (6) and (7) we get
J1 =
1
k2
a(k−1)
2
+mk−1∑
i=a(k−1)2
ψi(x) =
1
k2
mk−1∑
i=0
ψa(k−1)2+i(x) =
1
k2
· ψa(k−1)2 (x) ·
mk−1∑
i=0
ψi(x) =
1
k2
· ψa(k−1)2 (x) ·Dmk(x).
| J2 |≤
a(k−1)
2
+mk−1∑
i=a(k−1)
2
1
2i
| ψi(x) |≤
∞∑
i=a(k−1)
2
1
2i
≤ 2−a
(k−1)2+1.
From this and (29) we obtain
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| Ga(k−1)2+mk(f,Ψa)−Gak2 (f,Ψa) |≥
1
k2
· | ψa(k−1)2 (x) || Dmk(x) | −2
−a(k−1)
2
+1 =
1
k2
· | Dmk(x) | −2
−a(k−1)
2
+1. (30)
Now we take the sequence of natural numbers mν defined by Lemma (see
(11) (12))such that a(k−1)
2
≤ mν < a
(k−1)2+1.
Then from (30) we have
∫ 1
0
| Ga(k−1)2+mk(f,Ψa)−Gak2 (f,Ψa) | dx >
1
k2
·
∫ 1
0
|Dmk(x)|dx− 2
−a(k−1)
2
+1 ≥
1
2a · k2
· logamk − 2
−a(k−1)
2
+1 ≥
(k − 1)2
2a · k2
− 2−a
(k−1)2+1 ≥
1
4a
− 2−a
(k−1)2+1 ≥ C1, k ≥ 4.
Thus the sequence {Gn(f,Ψa)} does not converge by L
1[0, 1] norm, i.e.
the generalized Walsh system Ψa is not a quasi-greedy basis in its linear span
in L1[0, 1].
Completing the proof.
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